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ABSTRACT

Since the crystal field can be considered as a perturbation

of the free ion spectra of actinide ions in certain crystals, we have

calculated energy levels and wave functions of the 5f 3 configuration,

3+
which is the ground configuration of U , in intermediate coupling for

values of y = /F. of 7 to 1I. Energy levels are given in units of F 2 ,

and wave functions are expressed as linear combinations of Russell-

Saunders functions. Hydrogenic and non-hydrogenic approximations

are compared.

Reduced matrix elements in intermediate coupling are given

so that crystal field splittings may be calculated. The splittings of

the two lowest levels of U 3 + in a weak field with andwithout J-mixing

are compared.



I. INTRODUCTION

In the triply ionized actinides the optically active electrons

belong to the 5 f n configuration 1, , so comparison of their spectra

with those of the triply ionized rare earths, whose optically active

electrons belong to the 4 fn configurations, is of considerable interest.

The effect of the crystal field on rare earth ions is small enough to

be treated as a perturbation of the free ion spectra; this is also

true for the actinide ions, at least in some crystals 3 - 9 . In a free

ion, electric dipole transitions within a configuration are forbidden,

but the odd parity part of the crystal potential will mix configurations

of opposite parity so that "forced" electric dipole transitions can

take place as well as the allowed magnetic dipole transitions. The

r strength of the forced electric dipole.transition depends inversely

upon the energy differences between mixing configurations 0  In

crystals containing triply ionized actinides total absorption begins at

about 4000A, and it is assumed that this is due to the allowed 5f-6d

transitions. (Knowledge of the free ion spectra would be useful here),

Since the analogous 4f-5d transitions in rare earth crystals take

place at about Z000 A 1 2 , more intense spectra can be expected from

this effect in actinide crystals than in rare earth crystals.

3+ 3The ground configuration of U is 5f , Since nothing is

3+known experimentally about the free ion spectrum of U , we have

made calculations on the 5f 3 configuration to aid in the interpretation

of crystal spectra.
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II. FREE ION

The Hamiltonian for the free ion is

Hf= H+H +H

where H is the interaction of the 5f electrons with the core (constant0

for the configuration)

H is the electrostatic interaction between the three 5f
e

electrons

H is the spin orbit interaction.5

Higher order effects, including spin-spin and spin-other-orbit

interactions will be neglected.

The electrostatic interaction is

2
H= - i,je = i,2,3He r..

i>j 13

where electrons in closed shells are assumed to affect the energies

of the. 5f electrons only by a contribution to the central potential.

We can expand 1 in terms of the Legendre polynomials1
3

r..j
13

O nr a

r.. L - Pn(cosw)ij k=O r b

where ra is the smaller and rb the larger of the distances of r. and

r. from the nucleus, and w is the angle between r. and r.. Then we

can separate the radial and angular components and write
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H fnF n = 2, 4, 6 for f electrons

n

Matrix elements of fn are essentially integrals of spherical harmonics

over the angular wave function, and have been evaluated by Carlson 4

r
3 ra

for f using Racah's method. The F n are integrals of n over the
r 
b

5f radial wave functions (Slater integrals). If 5f hydrogenic wave

functions are assumed, that is, in a Coulomb field, Judd1 5 has

calculated

F 4 /F 2 = 0.1422 and F 6 /F 2 = 0.0161

The spin orbit interaction is
3

,, the integral of (r i ) over the radial wave function, is determined

experimentally due to lack of knowledge of the wave function. The

matrix elements of the angular part of H s have been calculated for

3 16 3+
f by Judd and Loudon . In U the spin orbit interaction is rather

large, therefore we had to perform intermediate coupling calculations.

Since J is a good quantum number, this involved diagonalizing

matrices for each J value, 1/2 to 17/2. The electrostatic matrices,

assuming 5f hydrogenic wave functions, and spin orbit matrices

have been diagonalized simultaneously, by using a program developed
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by Wybourne for various values of )= t/F 2 expressing energies

in terms of F2 and wave functions as linear combinations of Russell-

Saunders states. Figure 1 shows the variation in energy levels of

f3 with X, for X = 7 to 11. The levels are named by the Russell-

Saunders states into which they go at , = 0. For Fz = 200, X = 8,

3+ 17(the order of magnitude appropriate for U3+ , it is noted that the

-1 3+ 3
configuration extends 35, 000 cm In comparison, the Nd 4f

configuration extends 67, 000 cm -
. The 41 levels are each

(2J + 1)-fold degenerate.

3+
The use of the 5f hydrogenic wave functions for U is

questionable. Lammermann and Conway 8 feel that the Coulomb

approximation is satisfactory for the interpretation of the Pu 3+ (5f 5

6.5f
spectrum. Cohen has done a relativistic self-consistent calculation

for the normal uranium ion, and Winocur has calculated the

following set of Slater integrals from Cohen's eigenfunctions 1 8

F4/F 2 = 0.159 F 6 /F 2 = 0.0204.

The discrepancy between a similar calculation for PrIV and the

experimental values indicates that these should be treated with

17
reserve

McLaughlin 9 determined F 2 , F 4 , and F 6 experimentally

by a least squares fit to the spectrum of UCl 4 (5f ) and found the

ratios to be

* Private communication.
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F 4 /F 2 = 0. 1468 F 6 /F 2 = 0.0219

3
We have calculated energy levels and wave functions of f using

these last ratios with y = 8. 0, and the energy levels are compared

with hydrogenic ones in Figure 2. F2 has been chosen to put the

I/ level at 4500 cm from the ground state where it has been

observed1 9 , 20 It is apparent that the position of the F3/2 level

relative to the 4I13/2 is depressed in the non-hydrogenic case,

-1and above 10, 000 cm , where the energy levels become more

dense, the grouping is much different in the two cases.
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III. CRYSTAL FIELD

We are interested in crystals in which the splitting of the J

manifold is small compared to the spin-orbit splitting, so in a first

approximation the crystal field interaction can be treated as a

perturbation of the free ion energy levels. However, since the 5f

22
wave functions are more extensive than the 4f wave functions

somewhat larger crystal field effects can be expected in the actinides

than in the rare earths. Each J level of an ion with an odd number

of electrons will split in a crystal field into (2J + 1)/2 components

at the most due to Kramers degeneracy.

The Hamiltonian for the crystal field interaction, assuming

a purely electrostatic field is2 3

H Aq (rk) Vq(O, t$) II< k,k = 2, 4,6 for f electrons.c kq k k

The number of terms in the expansion depends on the symmetry of

the ion site in the crystal. The coefficients A k depend on the lattice,

and, although it is theoretically possible to calculate them if the

positions and charge distributions of the ions in the crystal are

known, results have not been satisfactory. Therefore, A q (rk
k

are customarily treated as experimentally determined parameters.

The Nk are normalized associate spherical harmonics which transform

in the same manner as the unit tensor operators U q and are related
k

to them by constant factors. We may use either set for calculations,

Matrix elements of the crystal potential, for LS coupling then, can

h15

be otaind byusig th reltio
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( LSJMIU ka'L'S'JIM'= 6(SS')(-l)J - ( MM,(G LSJ I luki Ia'L'S'J'P,

where the reduced matrix element is

(a LSJ 11 Uk k LLS'Jr= (-1))S+k+L'+J[(zJ+1)(ZJI+t)] 1/Z LJ'S(dL11kj 'I)

i kJ' LJ S
3-j symbols (_MqM,} and 6-j symbols {J LIkJ are vector coupling

24 25
coefficients and are available in tabular form . Judd has tabulated

the double reduced matrix elements (QLSIIUk11a 'L'S) for f 3 . If J

mixing is neglected, the matrix elements may be more simply

calculated from

(aLSJMIVq Ic'L'SJM') = (aLSJIVkIjaIL'SJ) fkSq(M),

where Sq(M) are the Stevens coefficients2 6 and the fk' which depend

only on J, are proportionality constants chosen to make the Sko

integers.

U 3+ states can be represented by linear combinations of

Russell-Saunders states with coefficients depending on X ; therefore

the crystal field matrix elements will also depend on X , and we have

obtained them for AJ = 0 by the same transformation which diagonalized

the 5f 3 energy matrix.

Table I presents the results of calculations we have made

on the 5f 3 configuration using hydrogenic wave functions. For each

J value for v= 7.0 to 11.0, energies in units of F are given in the

first row. In the columns below each energy level are the coefficients
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of the LS wave functions for that level. Reduced matrix elements

in intermediate coupling are given in terms of (aLSJ IIVkIkL'SJ)

3
fk X 10 in order that they may be used with the Stevens coefficients

given in Table I126 27 The last row of each column gives the

Lands g-value of the level in intermediate coupling.

As an example of the use of the tables, the splitting of

a 4F 5 / 2 level in D 3 h symmetry for X = 8 is (-0. 00937) S (M) +

(-0. 02391) SO(M) or

(-0.00937)X5XAO+(-0.02391)XlXA4=-0. 04685A'-0.0Z391A4 ,m=5/Z

0o00

-(0. 00937)X(-4)XA0- (0.02391)XZ A 4=0. 03748A' -0. 0478A, m=1/2

In a crystal field J is only approximately a good quantum

number, so that J levels will also be mixed. A complete J mixing

calculation would involve diagonalizing three 60- and 61-dimensional

matrices, and does not seem to be worthwhile until more is known

about the wave functions. However, in order to get an idea of the

magnitude involved, J mixing of the 419/2 and 4111/2 states can be

calculated by second order perturbation theory. (For higher levels

which become more nearly degenerate this cannot be done).

We have calculated the splittings of the 419/2 and 4I11/2

states using 5f hydrogenic wave functions for X 8. 0 and the fictitious

crystal field parameters
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Ao r> 2- 170 A ( r 6 -100
-8 6 6

A 4 0r 4 ) = -80 A 6 (r 6 1100

4 3+which are close to those found by Gruber for Am in Lal

The effect of the 4I1 state on the 419/2 state 4500 cm - below

-1
it is to depress the ground Stark level by 27 cm and to increase

slightly the overall splitting. The calculated splittings of the 41 / 2

and 419/2 levels using the above paramete.rs, with and without

J mixing, are shown in Figure 3.

- I
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CONCLUSION

Experimentally, a complication occurs in uranium doped

4+
crystals in that uranium readily ionizes to U and less easily to

U 3 + so that crystals nominally containing U 3+ sometimes contain

both ions, as was the case for CaF :U3+ . 2 8 ,29  The ground

configuration of U 4+ is 5f 2 . In Figure 4 we compare McLaughlin's

energy level diagram for U 4+ with our calculated one for 5f3 for

reasonable values of F 2 and X, and find that the energy levels

are often very close, especially when we take into account Stark
-1

splitting, which could spread each level by several hundred cm

However, a 1. 88 ± absorption line, described as characteristic

of U 3+ 28, 29 does not fit into the 5f3 energy level scheme. Either

.4 hydrogenic wave functions are decidedly in error or this 1. 8 8i line

4+ 3
belongs to U , where it could fit into the H5 state.

It is difficult to see how these levels can be definitely

assigned until the free ion spectra have been analyzed. Also it

is quite desirable to know the position of the 6d configuration in

order to estimate line strengths. Therefore, a program has been

initiated to analyze the free ion spectra of ionized uranium. We

hope to start with UIV (U 3+ ) and to go on to UIII and UV. This

work will be done in cooperation with the Physics Department of

The Johns Hopkins University.
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J k ," 1000 f 1/2 3/1 5/2 17/2 9/21 11/2 13/2 15/2 17/2 19/2 21/2

3/2 2 4.5 223.606 798 -1 1

5/2 2 4.3.5.7 18.795 005 -4 -1 5
436.7 62.994 079 2 -3 1

T/2 4.2.3.5.7 34.503 279 -5 -3 1 7
7 36.2.7.11 13.430 38 9 -3 -13 7

6 4.2.3.11.13 17.069 718 -5 9 -5 1

9/2 2 4.3.5.11 38.924 947 -4 -3 -1 2 6
4 36.5.11.13 6.232 98o 18 3 -17 -22 18
6 4.3.5.11.13 10.795 38 -8 6 10 -11 3

1y2 2 4.3.5.7.11.13 4.80 o 444 -29 -17 1 25 55
4 36.2.7.11.13 3.724 918 28 12 -13 -33 -27 33
6 4.2.3.11.13.17 4.140 015 -20 14 25 11 -31 11

13/2 2 4.2.5.7.13 16.574 839 -8 -7 -5 -2 2 7 13
4 36.2.7.11.13.17 0.903 425 106 63 13 -92 -132 -T 143
6 4.5.7.11.13.17.19 0.393 248 -200 -25 185 227 -11 -319 143

15/2 2 16.3.,57.17 5"523 -21 -19 -15 -9 -1 9 21 35
4 144.7.13,17.19 0.48 08 189 129 23 -101 -201 -221 -91 273
6 16.3.5.13T.17.19 0.996 14 -75 -25 45l 87 59 -39 -117 5

17/2 2 36.2.5.17.19 2.932 564 -40 -37 -31 -22 -10 5 23 44 68
4 36.2.11.17.19 1.97 134 44 33 13 -12 -j6 1 -47 -12 68
6 36.11.13.17.19.23 0.161 702 -440 -209 145 439 481 19 -377 -65o 442

19/2 2 4.3.5.7.11.19 3.375 221 33 -1 -27 .21 -13 -3 9 23 39 5
36.2.5.7.11.17.19.23 0.069 8 48 503 -77 687 1187 -1402 1122 -102 1938

6100.2.3.11.13.17.19.23 0.039609 -1716 -988 195 1353 1931 1497 6 1870 -2346 1938

21/2 2 4.5.7.11.23 5.313 439 -20 -19 -17 -14 -10 -5 1 8 16 25 35
4 36.5.7.11.13.19.23 0.1125 7 -1 7 1

1 0.125 254 -338 -30 303 537

()SK0

1 7/2,-5/2 9/2,-3/2 11/2,-1/2 13/2, 1/2 15/2, 3/2 17/2, 5/2 19/2, 7/2 21/2, 9/

7/2 0.755 929
9/2 1.oo 000 o.654 654
11/2 2.309 401 1.825 7142 1.02353
13/2 22.135 944 18.956 090 13.403 980 6.904 105
15/2 8.0 3 7.236 272 5:69, 69 3.765 1.837 5591/ 2 1 ;4 o 1.778226.

18 .7 8 
U 

2 1 911 55 7.96 2148
19/2 1.5 6 168. 1.458185 11. 1 548 84.095 1 51. 97573 23.531'14
21/2 5.4m 920 51.202 214 45.796 652 384 024 29.752 138 20.752 510 12.01 997 5.54 342

(b) S6

TABLE II. STEVENS COEFFICIENTS

ADDITIONAL TABLES OF Sq MAY BE FOUND IN REFERENCE 2.
K
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